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INTRODUCTION 

This thesis is the result of a 5 months experience at INFN-LNF1, within the ETRUSCO2

Their characterization is possible thanks to the SCF

 

experiment. The main purpose of this experiment is the optimization of the integration between 

the satellite microwave tracking via microwaves and the laser ranging of Global Navigation 

Satellite System (GNSS) constellations. In particular, the LNF role is fundamental for the study 

and full characterization of cube corner retro-reflectors (CCRs) needed for laser ranging. CCRs 

are special “mirrors” that reflect back the light in the same direction it comes from as it was a 

normal flat mirror but always orthogonal to the beam no matter where the beam actually came 

from. It happens thanks to a triple rebound of photons, over the three faces of the corner. The 

angles between the faces of the CCR corner are not exactly 90°; the deviation from 90° is 

named Dihedral Angle Offset (DAO). The DAO optical specifications are very accurately 

designed to take into account of the velocity aberration effect, related to the magnitude of the 

relative velocity between the ranging station and the monitored satellite. It is of the utmost 

importance that the DAO specs are correct and that they are verified with experimental 

acceptance measurements. CCRs are usually arranged in arrays. 
3 space facility, built by LNF for 

ETRUSCO in 2006, that is an experimental apparatus where space environmental conditions 

are established, thanks to a Solar Simulator and Earth Infrared Simulator. In the SCF it is 

possible to study CCRs behavior in space conditions for the very first time. Outside the SCF, in 

approximately STP4

Experimental tests are conducted to examine the CCRs optical and thermal properties, i.e. their 

capability to properly retro-reflect a laser pulse from the Earth. The ground stations, whose role 

is the laser ranging, are part of the International Laser Ranging Service (ILRS) and they are 

spread all over the world, for a total number of 40 stations. In Italy we have an ILRS station, the 

ASI-CGS (Agenzia Spaziale Italiana - Centro di Geodesia Spaziale), that has the important role 

to determine, weekly, the position of the Earth center of mass, collecting all the data from all 

the other stations. 

 conditions preliminary CCR acceptance tests are carried out. 

                                                 
1 Istituto Nazionale di Fisica Nucleare – Laboratori Nazionali di Frascati 
2 Extra Terrestrial Ranging to Unified Satellite COnstellation 
3 Satellite and lunar laser ranging Characterization Facility 
4 Standard Temperature and Pressure i.e. 20° C and 1 atm 
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The first laser ranging experiment was done with a CCR array deployed on the Moon by the 

Apollo 11 mission, that allowed to calculate the distance between the Earth and the Moon, with 

a precision now approaching 1-2 cm. In 1976 NASA launched LAGEOS1 I and in 1992 NASA 

and ASI launched LAGEOS II, two spherical satellites, covered with CCRs, to make studies of 

Space Geodesy and General Relativity. LAGEOS CCRs have the same mechanical and thermal 

design of the Apollo array; but they differ for the optical specifications related to the velocity 

aberration effect. The LNF has the LAGEOS sector, property of NASA-GSFC2

With regard to satellite navigation systems, at the moment there are: the US GPS

, a prototype 

constituted by 37 CCRs, identical to those carried on board by LAGEOS satellites already in 

orbit. 
3 and the 

Russian GLONASS4. In years to come, GALILEO5, the European satellite constellation, will 

be put in orbit; two experimental satellites were already launched: GIOVE6

The employment of CCRs on board both the US constellation is very limited: only 2 GPS (out 

of 24 operational satellites). Currently, only 4 GLONASS satellite equipped with CCRs are 

laser ranged. The European program GALILEO features a large-scale deployment: all the 30 

satellites will carry onboard a retroreflector array. GPS, GLONASS, GIOVE-A/B CCRs have 

the same characteristics. 

-A and GIOVE-B. 

Up to now, corner cubes have always been made by a solid pieces of quartz; these object are 

almost un-deformable and the important role of the temperature is entirely related to the change 

of refraction index inside the quartz but not at all to the almost zero deformations induced by 

thermal gradients. During this work we characterized a completely different idea based on the 

assembly (by glue) of three reflecting surfaces: the cube becomes this way “hollow”, since 

there is not the solid but only the three faces of the cube. This new design has the principal aim 

of reducing the weight. 

Even though a corner cube reflector is an optical device, this new design is deeply influenced 

by structural behaviour: even very little displacements turn to harmfully influence the optical 

behaviour. The scientists, that have still successfully applied classical CCRs in their 

experiments, are definitely skillful in optics, but they likely never dealt with advanced structural 

                                                 
1 LAser GEOdynamics Satellite 
2 Goddard Space Flight Center 
3 Global Positioning System 
4 GLObal NAvigation Satellite System 
5 GALILEO is just a name and it is not an acronym for something else 
6 Galileo In Orbit Validation Experiment 
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analyses. The hollow cube corner is a new challenging design and scientists cannot longer get 

rid of structural aspects. 

Our work follows a preliminary study of NASA-GSFC. We developed in ANSYS®

• the modal analysis; 

 three 

different designs of hollow corner cubes and, for each of them, we implemented: 

• two different models for the glue 

• a steady state inertial analysis; 

• different thermal analysis. 

We also post-processed ANSYS® output data with MATLAB® in order to establish, according 

with rough overall specifics, if the optical response after deformations would longer be 

considered acceptable. For implementing our models we did not use the graphical user interface 

of ANSYS®, we rather preferred the most stimulating choice of writing scripts; we can this way 

easily change our designs in all the parameters. 



 5 

1. The ETRUSCO INFN Experiment 

Equation Chapter 1 Section 1 

At present there are two operational constellations for satellite navigation, that work by sending 

and receiving microwaves and allow to know the position compared to the Earth’s centre of 

gravity: GPS-2 (USA) and GLONASS (Russia). In the future there will be also the new 

generation of GPS (GPS-3) and the European GALILEO. GPS, GLONASS and GALILEO are 

part of the GNSS. 

The goal of ETRUSCO experiment is the integration of SLR1 with the standard MWR2 to 

improve the satellite navigation capabilities. Since SLR gives a fundamental contribution to the 

definition of the Earth center of mass and the ITRF/ICRF3, ETRUSCO experiment will 

improve the accuracy and long-term stability of the determination of the GALILEO orbits. 

 

figure 1.1: ETRUSCO artistic poster designed at LNF 

                                                 
1 Satellite Laser Ranging 
2 Micro Wave Ranging 
3 International Terrestrial Reference Frame / International Celestial Reference Frame 
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The ultimate satellite positioning accuracy that can be reached is less than 1 cm. This in turn 

will propagate to the final end user on the Earth and all civil and commercial services provided 

by GALILEO will benefit from it. Since the large scale deployment of SLR on GALILEO will 

be a world-first in GNSS, it is of the utmost importance that a full-fledged space-climatic 

characterization of the CCRs is performed. The experience of SLR with GPS-2 (only two 

satellites) and GLONASS (only four satellites) may be considered a fundamental test. Over 

several years, these few satellites have indicated how crucial the proposed characterization is 

and how difficult is to model climatic effects without experimental measurements. Climatic 

tests and simulations are both important to assure that no failures occur in GALILEO in the 

long term and with a large multiplicity of satellites (all the 30 GALILEO satellites will carry on 

board a retroreflector array). 

The LNF SCF offers the unique possibility to understand in detail the effects of the severe 

space environment on the many years of expected lifetime of the CCR arrays. 

1.1 The International Laser Ranging Service 

In SLR a global network of stations measures the instantaneous round trip time of flight of ultra 

short pulses of light to satellites equipped with CCRs. The satellite ranging is achieved by 

shining from Earth multiple laser beams (each associated with a telescope for aiming at the 

satellite) managed by the ILRS. The reflected laser beam is also observed with a telescope, 

providing a measurement of the round trip distance between the Earth and the satellite. This 

distance is approximately equal to one half of the two-way travel time multiplied by the speed 

of light. This provides instantaneous range measurements of millimeter level precision which 

can be accumulated to provide accurate orbits and important contributions to scientific studies, 

such as the Earth/Atmosphere/Oceans system; it is the most accurate technique currently 

available to determine the geocentric position of an Earth satellite. SLR is sensitive to the 

location of the Earth’s centre of mass; the time history of its motion with respect to the origin of 

the ITRF has been obtained since 1987 with an accuracy of a few millimeters. 

Its ability to measure the temporal variations in the Earth’s gravity field and to monitor motion 

of the station network with respect to the geo-center, together with the capability to monitor 

vertical motion in an absolute system, makes it unique for modeling and evaluating long-term 

climate change. SLR measurements require a correction for the hydrostatic (or “dry”) 

component of the troposphere, that is dependent on the dry air gasses in the atmosphere; thus, 
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the SLR sites measure atmospheric pressure, temperature and relative humidity to calculate this 

correction. 

It provides a unique capability for verification of the predictions of the Theory of General 

Relativity. On several critical missions, SLR has provided failsafe redundancy when other 

radiometric tracking systems have failed. SLR provides also mm/year accurate determinations 

of tectonic drift station motion on a global scale in a geocentric reference frame. Combined 

with gravity models and decadal changes in Earth rotation, these results contribute to modeling 

of convection in the Earth’s mantle by providing constraints on related Earth interior processes. 

The velocity of the Hawaii station, for example, is 70 mm/year and closely matches the rate of 

the background geophysical model. 

The ancestor of the SLR technique is the LLR1

On the Soviet front in 1970 and 1973, respectively, Lunokhod 1 and Lunokhod 2 rovers carried 

smaller arrays. Reflected signals were initially received from the first one, but no return signal 

has been detected since 1971 and there is not any proved explanation about this strange 

phenomenon. Lunokhod 2 array continues to return signals to Earth. 

 experiment, that measures the distance between 

the Earth and the Moon using laser ranging. The retro-reflectors were previously planted on the 

Moon; since the speed of light is known with very high accuracy, the time delay for the 

reflected light to return allows to calculate the distance to the Moon. The experiment was first 

made possible by a retroreflector array installed in 1969 by the crew of the first ever human 

lunar landing mission: Apollo 11. Two more retroreflector arrays, left by Apollo 14 and 15 

missions, have contributed to the experiment. These arrays are commonly considered to be one 

of the strongest pieces of evidence against a Moon landing hoax. 

LLR tracking of corner cube retro-reflectors on the Moon has verified the Equivalence 

Principle of General Relativity. The laser beam has a 7 km diameter when it reaches the Moon 

and about 20 km when it comes back to the Earth. The Moon distance has been determined with 

an accuracy of 3 cm and the average distance is 384400 km. 

Laser ranging to a near-Earth satellite was initiated by NASA in 1964 with the launch of the 

Beacon-B satellite. Since that time, ranging precision, spurred by scientific requirements, has 

improved by a factor of a thousand from a few meters to a few millimeters. The most 

commonly used satellites are the LAGEOS I and II, launched, respectively, in 1976 (by NASA) 

and 1992 (by NASA and ASI) into orbits with high inclinations (i = 109.9 and 52.65), low 

eccentricities (e = 0.004 and 0.014) and large semi-major axes (a = 12270 and 12163km). These 

two satellites are at an altitude of 5900 km but in different orbital planes. Since 1976, more than 
                                                 
1 Lunar Laser Ranging 
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100 sites have obtained SLR measurements to LAGEOS I. The LAGEOS satellites are high-

accuracy, passive, spherical test masses, whose orbit is tracked with < 1 cm precision by the 

ILRS stations, scattered all over the Earth. They have a weight of about 400 kg, a 60 cm 

diameter and 426 fused silica CCRs for the SLR measurements. These have provided daily 

polar motion (the movement of Earth’s rotation axis across its surface) estimates with an 

accuracy of about 0.3-0.4 milli-arcseconds, and the most accurate measurement of GM, that is 

the product of the gravitational constant and the mass of the Earth, and have confirmed that it 

does not change. The LAGEOS data were used in 1998 for the first-ever measurement of the 

phenomenon of dragging of inertial frames by a central rotating mass (the Earth in this case) 

acting on its orbiting satellite. This effect was predicted by Einstein (who named it “frame 

dragging”), and then studied by Lense and Thirring in 1916-1918. Lense-Thirring “drag” is the 

precession of the satellite orbit, due to the rotation of the central attracting body, Earth, which 

drags the space-time around with itself. The Earth angular momentum generates additional 

space-time curvature and “drags” around both nearby gyroscopes (spins) and satellite orbits 

(orbital angular momentum). If the angular momentum of Earth was zero, than no frame 

dragging would be observed. The amount of this precession is tiny: about 2 meters per year (33 

milli-arcseconds/year) for the semi-major axis of 12000 Km of the LAGEOS satellites. For its 

formal similarity to the precession induced by a central sphere of rotating electric charge on a 

discrete dipole moment or on the dipole moment of a closed electric current loop, it is also 

referred to as the Earth “gravitomagnetism”. Recently, a larger set of LAGEOS data (about 11 

years), in conjunction with a much-improved determination of the Earth geo-potential field, was 

used to re-measure the frame dragging effect in NEO1

1.2 Far Field Diffraction Pattern 

 with 10% accuracy. 

Corner cube retro-reflectors are widely used in many civil works like lining up the edges of 

large buildings but even for easier applications on shorter distances like accurately measuring a 

difference in level. All these gears are rather cheap compared to the accuracy you can reach. 

Nevertheless, since 1969 during Apollo 11 mission, scientists clearly knew the quantum 

mechanics which ruled the overall design. Corner cube retro-reflectors for space applications 

are definitely advanced optical devices which machinery needs the finest level of optics 

industry. 

                                                 
1 Near Earth Orbit 
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Quantum physics does not work like classical mechanics and its mathematical foundations are 

far beyond our knowledge but most of all they are out the scope of this thesis. On the other 

hand, there are a lot of optics experiments, now explained on the basis of quantum theories, that 

were well known much before the subsequent mathematical developments and that are fairly 

recognized by all the people interested in science. We will try in the following to describe the 

phenomenon of diffraction, which must be taken into account when a spatial cube corner is 

designed and machined.  

Diffraction is the spreading of waves from a wave-front limited in extent, occurring either when 

part of the wave-front is removed by an obstacle, or when all but a part of the wave-front is 

removed by an aperture or stop. We will consider the diffraction of plane parallel light of 

wavelength λ  from a single slit of width a, as illustrated in figure 1.2. 

a ϑ

L

 

figure 1.2: diffraction pattern of the light  after a small aperture 

In the case of a narrow and high slit, we obtain a diffraction pattern in the direction of the 

smallest dimension. Two general regimes can be distinguished, namely those for Fresnel 

diffraction and Fraunhofer diffraction (Far Field Diffraction). The distinction between the two 

is determined by the distance L between the screen and the slit. When L is much larger than the 

Rayleigh distance 
2

a
λ  the diffraction pattern is said to be in the far-field (Fraunhofer) limit 

(FFDP1
2

aL λ<). On the other hand, when  we are in the near-field (Fresnel) regime. In what 

follows, we consider only Fraunhofer diffraction, because in SLR and LLR is this kind of 
                                                 
1 Far Field Diffraction Pattern 
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diffraction that occurs. The Fraunhofer condition is often produced experimentally by inserting 

a lens between the slit and the screen and observing in the lens’s focal plane. The principal 

maximum occurs at 0θ = ; the angle at which the first minimum occurs is given by: 

 minsin a
λθ = ±  

if the small-angle approximation is appropriate, this reduces to: 

(1.1) min a
λθ = ±  

The diffraction patterns obtained from apertures of other shapes can be calculated; one 

important example is that of a circular hole of diameter D. The intensity pattern has circular 

symmetry about the axis, with a principal maximum at 0θ =  and the first minimum at minθ  

where: 

(1.2) minsin 1.22 D
λθ =  

This result is commonly used to calculate the resolving power of optical instruments like 

telescopes and microscopes. In the CCR case FFDP, the aperture is the circular clean aperture 

of the CCR. 

In the case of a flat mirror, the diffraction pattern resulting from a uniformly illuminated 

circular aperture, has a bright region in the center, known as the Airy disc which, together with 

the series of concentric bright rings around itself, is called the Airy pattern figure 1.3. The 

diameter of this disc is related to the wavelength of the illuminating light and the size of the 

circular aperture. 

 

figure 1.3: far field diffraction pattern of a flat mirror 

Even though the FFDP of a corner cube is rather different from a flat mirror one, the pictures 

we showed are enough to explain the problem. When we said that photons are reflected back in 
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the same direction we did not say sharply the truth. The main part of the photons come back 

straight but, there are some others which slightly tilt from the principal direction and generate 

the other local maxima near the principal one. 

Since in the meantime between the instant you shoot the laser from the Earth and the instant it 

is back, there is a relative movement of both the satellite and the laser station, you cannot get 

the photons belonging to the absolute maximum but you may be reached from the photons of 

the second maximum. The design of a CCR involves the design of the Dihedral Angle Off-set 

(DAO): the faces of a spatial CCR are not exactly at 90°, but they have a tiny correction; this 

correction allows you to modify the FFDP and catch on the Earth the signal. DAO is designed 

according with the distance of the CCR from the Earth. You would get no signal if you do not 

carefully design the DAO. 
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2. Model buildingEquation Chapter 2 Section 1 

2.1 Modeled designs 

The Modeling start with the analysis of the three different design proposed by the structural 

mechanics group (Code 542) of the Goddard Space Flight Center (GSFC). Finite Elements 

Models have been processed for this designs: 

 

Zerodur/Pyrex Hollow Cube Corner Retroreflector (PLX Inc.) 

 

Beryllium Hollow Cube Corner Retroreflector (GSFC) 

 

Extreme Temperature Retroreflector (ETR) (PRO System Inc) 

For the last model we have two different designs: one for the flight model and another one just 

for testing purpose. In the flight model the retroreflector is mounted using an Invar c-clamp 

which locks around a Zerodur pin fused to the back of one of the mirrors like in figure 2.1, 

 

figure 2.1: Zerodur flight model and its c-clamp. 
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while in the “test design”, that is in Pyrex, the retroreflector is glued to the mount like in figure 

2.2. 

 

figure 2.2: Zerodur test design; glued mounting. 

Material characteristic are summarized in figure 2.3. 

 

figure 2.3: material characteristics 

2.2 Test model at LNF 

The Goddard Flight Space Center sent us at LNF an hollow corner cube, the one in figure 2.3, 

in order to test its FFDP under climatic condition inside the SCF. 
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figure 2.4: Pyrex test model at LNF 

For our modeling we started with a measuring campaign, in the metrology department of the 

labs, aiming to define all the geometrical features of the object. 

The first step has been using a digital calibre (accuracy ± 0.02 mm): we got this way the 

distance between the mirrored and the external surfaces, and both the edges of these square 

surfaces. 

After that, we tried to evaluate the width of the glue strip using an ocular magnifying graduated 

glass but, since its accuracy is just 0.1mm, we moved to a more fine tool. We used then a Nikon 

model V-12 profile projector: this kind of device is widely used for measuring two-dimensional 

contour. It features: multiple lenses of 10, 50 and 100 magnification factor, both contour and 

surface illumination; automated microcomputer-based control; a data processing unit that can 

automatically record digital screen counter values and both serial and parallel output ports. In 

figure 2.4 there is a picture of the projector magnifying an old Italian coin. 

Glue Width 

External Surface Edge 

Mirror Edge 
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figure 2.5: Nikon V-12 Profile Projector 

In table 2.1 the main features of the projector are summarized. We could in theory reach this 

way an accuracy of 0.001 mm. Unfortunately, with the available mounted lenses and, since the 

profile of the glue strip is very uneven, about this datum we can give only a good estimation. 

Vertical optical axis with inverted and 
reversed image 

Type 

300 mm, etched center cross line with 1’ 
projector 

Screen size 

Within ±0.1% (contour illumination) 
Within ±0.15% (surface illumination) 

Magnification accuracy 

table 2.1: main features of Nikon V-12 

The object has been set like in figure 2.5: the glue strip was this way parallel to the 

magnification plane and on the screen of the projector we got the pictures gathered in figure 

2.6. 
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figure 2.6: Zerodur CCR set on the profile projector 

The brighter part in the pictures is just a wide smudge of glue and the real width of the strip of 

glue joining together the mirrors, is only a tiny lip on the left, that cannot be well appreciated in 

these pictures. 

 

figure 2.7: Zerodur CCR magnified profile 

In table 2.2 we give a summary of these first measurements that are the only parameters we 

actually used to build our ANSYS®

We went on using a coordinate measuring machine (CMM) in order to evaluate the flatness of 

the CCRs mirrors. CCM is a device for measuring the geometrical characteristics of an object. 

The typical "bridge" CMM, like the one we have in Frascati, is composed of three axes X, Y 

and Z. These axes are orthogonal to each other in a typical three dimensional coordinate 

 model. 
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system. The working volume of the CCM 3D POLI Galaxy-Retrofit COORD3 is ∆x = 1160 

mm, ∆y = 1000 mm, ∆z = 550 mm. 

Parameter Value [mm] 

Mirror Thickness 6.52 

Mirror Edge 27.05 

External Surface Edge 18.94 

Glue Thickness 0.127 

table 2.2: basic parameter of Zerodur design 

Each axis has a scale system that indicates the location of that axis. The machine will read the 

input from the touch probe, attached to the third moving axis of this machine, as directed by the 

operator or programmer. The probe, in figure 2.7, is a feeler pin with a ruby spherical tip. 

Typical precision of a coordinate measuring machine is measured in microns, in our case it is 

±4 µm. 

 

figure 2.8: CCM 3D POLI Galaxy-Retrofit COORD3 and its feeler ruby pin 



 18 

The CCM is placed in a temperature controlled environment (20° C ± 0.2° C): even though the 

structure is mainly made of granite, which have a very low coefficient of thermal expansion, to 

enhance the accuracy of the measurements is of utmost importance the thermal control. 

Generally to use the CMM at the best level, you put the measuring object, in the controlled 

environment, the night before measurements. We did not do that since we did not plan it in 

advance. 

Moreover, the bridge of the CCM moves smoothly thanks to its air bearing system. The bridge 

is designed to float on air above the granite guide ways. This non-friction air bearing system 

enables the CMM to achieve high accuracy, whereas a ball or roller bearing cannot. Friction 

wear, contamination, and hysteresis are just a few factors that cause roller bearing systems to be 

less accurate. The three factors regarding the CMM input air supply, are quality (clean and dry), 

volume, and pressure, and they are all guaranteed by the clean supplying system. 

The user interface software ARCO CAD gave us the chance to evaluate the flatness of the 

mirrors and the angles between them in a completely automatic manner. We only moved the 

probe and touched with the ruby sphere every mirror in four different points, and it showed us 

the following output: 

“…F(PLA_1)=FEAT/PLANE,CART,-1017.0742,-422.5408,-530.3282,-

0.83551510,0.09830286,0.54060250 

MEAS/PLANE, F(PLA_1),4 

    PTMEAS/CART,-1008.8435,-420.5588,-517.6643,-

1.00000000,0.00000000,0.00000000 

    PTMEAS/CART,-1017.3899,-431.6575,-528.8553,-

1.00000000,0.00000000,0.00000000 

    PTMEAS/CART,-1023.4553,-419.8526,-540.3754,-

1.00000000,0.00000000,0.00000000 

    PTMEAS/CART,-1018.0518,-417.2683,-532.2627,-0.90020228,-

0.43547199,0.00000000 

ENDMES …”, 
where the first two lines define the plane number one (PLA_1): six numbers separated by 

comas denote the origin and the normal vector. The third line specifies that the plane definition 

comes from only four measurements. Each measurements starts with the “PTMEAS/CART” 
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statement, followed by the three coordinates of the point and then by the approaching direction 

of the probe. 

In figure 2.8 is shown the ARCO CAD interface with the three plane sketched; it easily allowed 

us to know the cube dihedral angles. The output for the angle between plane number two and 

number three looks like the following: 

“…  T(ANGLB_3)=TOL/ANGLB,89.9952,-0.0200,0.0200 

GEOALG/ANGLB,DEFALT 

OUTPUT/FA(PLA_2),FA(PLA_3),TA(ANGLB_3) …” 
where the angle is called ANGLB_3, its value is 89.9952 and the tolerance values of ±0.02 are 

fake but the software needs them even if they are not used. In table 2.3 we show all the results 

about the cube dihedral angles. 

 

figure 2.9: screenshot from ARCO CAD software 

Even though the CCM is usually very satisfying for commonly machined object, it is not 

suitable for evaluating the precision of optical devices, that must go down the level of laser 

wavelength; only in order to give an example, a green laser, that is the most commonly shoot 
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from the Earth, has the wavelength λ = 532 nm and the flatness of the mirrors must be lower 

than λ/20. It means that the approach of mechanical measurements is basically the wrong one 

and you actually need something like the far field diffraction pattern to define the actual shape 

of a CCR. 

Angle between planes 1 and 2 89.9952 

Angle between planes 2 and 3 89.9945 

Angle between planes 1 and 3 90.0002 

table 2.3: summary of dihedral cube angles 

 

figure 2.10: probe ready for measurements on the CCM 
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2.3 ANSYS® Modeling 

In finite element modeling we deeply took advantage by the symmetry of all the three designs; 

every CCR is composed by three identical mirrors glued together and it is therefore possible to 

recognize an axis of symmetry. In figure 2.9 is clearly shown that the symmetry axis is actually 

the diagonal of the cube: the CCR is indeed just one corner of this cube and the three shaded 

triangles could be the reflecting mirrors of an hollow CCR. 

 

figure 2.11: the symmetry axis is the diagonal of the cube 

The symmetry axis is the “z” axis of the main Cartesian frame of reference (CSYS,01

figure 2.9

) we used 

in ANSYS®; we set then another frame (CSYS,12) in the same origin but with the x and y axes 

laying on one of the shaded triangles i.e. on the plane of one mirror like in . The angle 

between the symmetry axis and all the coordinate planes of CSYS,12 is  

(2.1) 1a sin 35.264
3

α = = °  

To better understand the relationship defining this angle you can give a glance to figure 2.10 

                                                 
1 In ANSYS® all the frame of references are numbered, and the instruction to set one of them to be the active one is 

CSYS followed by its number 

Symmetry axis 

y 

x 

z 

CSYS,12 
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figure 2.12: plane view of a triangle defining the cube diagonal 

All the geometry is based on just one parameter that is the edge of the mirrored surface i.e. the 

parameter named “a” in figure 2.11. As you can see from the pictures in figure 2.11 both the 

Zerodur and the Beryllium designs have are based on the same pattern. 

Parameter % of the Edge (a) 

Mirror Thickness 0.24 

Edge of the External Surface (b) 0.7 

Glue Strip Width 0.037 

Glue Thickness 0.0047 

table 2.4: relationships between all the geometric dimensions and the edge length 

In table 2.4 we summarize the relationships between all the geometric dimension and the mirror 

edge for these two designs. 

Since the application of these hollow CCRs is in a very starting phase, we preferred developing 

our designs through scripts rather than through the graphical user interface of the software; it is 

much more difficult but all subsequent changes will be easier. We still used this feature because 

what we call the Zerodur design has been realized both in zerodur and in pyrex: the test model 

we have in Frascati is in pyrex. The programming language used inside ANSYS® is their own 

property but it is actually a Fortran based one and it is called APDL which stands for: ANSYS® 

Parametric Design Language. APDL approach allows building a model based on all the key 

parameters, that could be easily varied and then obtain many different results which can 

enlighten yourself both on the importance of the single parameter and about the overall quality 

of your design. The APDL must always be considered the foundation for the systematic 
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application of all the ANSYS® advanced features such as design optimization and adaptive 

meshing, that are basilar for a balanced resolution of every problem. 

 

figure 2.13: Zerodur and Beryllium design, definition of parameters 

The application of hollow CCRs in space experiments is such in a beginning status that neither 

the geometry is still fixed and one preliminary result would certainly be which is the maximum 

extension allowed: you would prefer a bigger CCR which ensure you more photons back on the 

Earth, but bigger is the CCR harder are all the optical problems induced by deformations and 

machining errors. These is the reason we built all the geometry around just one parameters that 
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is the mirror edge. We also thought that the width of the glue strip could be a fixed number but 

we prefer for the moment to leave it related to the mirror edge. 

The mesh of volumes followed the same idea and it is dependent by just one parameter named 

ndiv1, that is the number of divisions along the mirrored surface edge. We can this way have 

an overall homogeneous refinement changing itself; subsequent localized refinement can be 

applied through the interface but we do not expect they are needed since in a CCR you need to 

carefully characterize the overall surface of each mirror and makes no sense, from an optical 

point of view, to have just a part of itself where you are more confident on the results. 

 

figure 2.14: refinement of the mesh, ndiv1 parameter, in the Zerodur Model 

2.3.1 Basic common steps 

The three different designs share the same building idea. In the following we will try to 

underlines all those steps that are almost equally applied in all the model generating scripts. 

ANSYS® gives you the chance to easily define high order geometric entities, like both standard 

solid and surfaces in three dimensions; you must than shape these items using Boolean 

operations: union, subtraction, intersection, division, gluing, overlapping and partition. This is 

called a top-down approach. Nevertheless, we built our models according with a bottom-up 

approach which is really cumbersome but allows you to precisely define all the geometric 

objects you need to set. Our experience is that the top-down method is suitable to reach shortly 

some answers, but it is not the best for a long term design since it may generate some 

corrigenda. 

The basic steps become this way: 

ndiv1=32 

 

ndiv1=16 
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• Create the key-points of half a mirror, in a coordinate system (CSYS,11) rotated by 45 

degrees around the z axis of 

• Create the lines to define the half mirror. 

CSYS,12. 

• Generate all the areas that compose the half mirror through the lines. 

• Use the command ARSYM, to form the other half mirror look at figure 2.13. 

• Mesh the areas with elements “mesh200”, 3D quadrilateral with 4 nodes. The 

“mesh200” is a mesh-only element, it means they are completely ignored during the 

solution phase. Nevertheless, it turns to be useful for multi-step meshing operations, 

such as extrusion, that require a lower dimensionality mesh be used for the creation of a 

higher dimensionality mesh. 

• Extrude areas with possible scale factors to obtain tapered volumes, specifying the 

desiderate volume mesh elements. 

• Triple, through the command VGEN, the single mirror pattern around the z axis of 

CSYS,11

 

 that is the symmetry axis. 

figure 2.15: ARSYM effect and frames of reference used 

The operation of extrusion is given in two steps: the first one equal to the glue width and 

without any reduction of the extruding area, and a second one to produce a tapered volume like 

in figure 2.11 in order to reduce the overall weight. The VEXT command allows in input a scale 

factor that is the ratio of the generated length with respect to the sourcing one; this way we gave 

a scale factor 0.7 (both along x and along y directions) and we scaled the mirrored surface by 

30%. 

                                                 
1 This is the principal cylindrical coordinate system in ANSYS®, its z axis is the same of CSYS,0. 

CSYS,12 

CSYS,11 ARSYM 
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2.3.2 Zerodur Model 

After modeling the basic square surface of the mirror, we added two more areas (look at figure 

2.14) beside one edge of the main one; both this new areas have the principal direction that is 

the edge of the square but two different widths that are respectively the glue thickness and the 

glue strip width. You need this second area to make room to the glue strip, it is actually the 

joining area where the flat surface of the modeled mirror would be connected to the edge of 

another mirror. 

Explaining the need of the smaller area is a very difficult task since it is a minor feature; after 

offsetting the mirrors to generate the gap where the glue fits, if you do not add this additional 

area to the main one, the mirrors would not be correctly aligned. In order to avoid shape 

problems, we add this small area (the red one in figure 2.14) with the main square one. 

 

figure 2.16: additional areas beside the main square one 

After modeled one mirror, we use the same command VGEN for two different purposes: the first 

one is to generate the other two mirrors, as we said before, and the second one is to move them 

with an offset equals to the thickness of the glue(look at figure 2.15). 

The model completely meshed is shown in figure 2.16; in the same figure the elements colored 

in red represent the constrained area and have the nodes displacements all set to zero. To better 

understand the choice about the area you can look at the true model in figure 2.3 

 
•Glue Thickness 

•Main Square Area 

•Glue Strip Width 
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figure 2.17: zoom on the gap between the mirrors 

 

figure 2.18: Zerodur meshed model and its constraints 

2.3.3 Beryllium model 

The Beryllium model has a design that is very close to the Zerodur one; it is by the way 

characterized by a particular shape of the mirror that was realized drawing a circular area and 

then generating a scaled area with the command ARSCALE: the basic idea is the same we 

explained for the command VEXT, you must specify how the lengths along x becomes with 

respect to the sourcing lengths. We set a ratio between the axis of 1.15 like shown in figure 

2.17. 

Front View Rear View 
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figure 2.19: scaling of a circular area in an elliptical one 

In figure 2.18 is shown the final result of modeling and meshing of the Beryllium Cube Corner; 

the elements in red show the area where the model is constrained to the mount : 

 

figure 2.20: Beryllium meshed model and its constraints 

2.3.4 ETR Model 

The model is characterized by a chamfer at 45 degrees that complicates the task of meshing. 

We thought in advance a smart subdivision of the areas to guarantee a regular mesh in every 

part of the model: 
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figure 2.21: subdivision of the main area 

In this case you do not need to set a scale factor when you issue VEXT, since there is no 

tapering of the volume. The joining area between two mirrors in this case is not just a slender 

strip, but a wider band which width is equal to the thickness of the mirror. Nevertheless, this 

kind of mirror is thinner than the others and we will see from the results of the modal analysis 

that it turns to be less stiffer than the other designs. In figure 2.20 we show the meshed model 

and the constraining area. 

 

figure 2.22: ETR model and its constraints 
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3. Adhesive modelingEquation Chapter 3 Section 1 

The most difficult task has certainly been the modeling of the adhesive interaction between 

mirrors. In a first moment we started building the models without any adhesive action and 

facing nodes were simply merged together like the cube was made of just one piece. You use 

merging the nodes when you have, for example, two welded pieces and you are not really 

interested to what happens inside and near the welding. On the other hand, we needed also to 

investigate the importance of the glue both in its joining role at room temperature and the effect 

of its thermal expansion on the mirrors displacements. In fact, the coefficient of thermal 

expansion of the glue is different from the same one of all the other joining materials in the 

three different designs: this mismatch will create differential expansions and contractions which 

induces stresses and deformations. 

We started implementing a very simple model based on spring connections between facing 

nodes. In a second step we applied an ANSYS® advanced technique, called sub-structuring, that 

allowed us to reach a deeper comprehension on the matter. 

3.1 Adhesive modeled with springs 

This simply approach can be easily developed from scratch, but we found a study of Farhad 

Tahmasebi realized at NASA Goddard Space Flight Center, and we followed it. 

Given two facing nodes, the first on the flat surface of one mirror and the second belonging to 

the edge of the joining mirror, there is a gap between them that is equal to the glue thickness; 

this gap is filled with two rigid links, each one covering half the gap; the nodes on the free ends 

of the links, are this way coincident and are connected each other by three orthogonally acting 

springs: one for the tensile action and two for shear. In figure 3.1 the coincident nodes are 

separated just in order to improve the clarity. The model does not include torsional springs. In 

our case, where the mirrors are modeled with brick elements, torsional springs would be useless 

since the nodes have only translational degrees of freedom. Even in the case of connection 

between shell elements, since every couple of facing nodes and all the gear associated with 

them, represents just a little spot of a wide glued area, the reaction to an imposed relative 

rotation would be mainly opposed by the reaction of the shear springs, that would have great 

moments, rather than by a soft torsional spring. 
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Only from a theoretical point of view, the stress on the mirrors and the reaction of the springs 

could be used respectively as boundary conditions and internal stresses to deduce the overall 

tensional state of the glue. Our experience is that this approach is too rough to fulfill this task. 

 

figure 3.1: sketch of the adhesive model with springs 

We divided the area associated with the glue strip in two different areas in order to have at least 

three nodes along the width. Since the nodes of the link elements we choose cannot transmit 

couples, like they were spherical hinges, you need at least two nodes along the strip width, 

otherwise your model would be not properly constrained and would allow rigid body motions. 

The stiffness of the springs is obviously proportional to the area associated with the couple of 

facing nodes and, in our case of a regular mesh, you have only three possible sizes for these 

areas depending on whether the nodes are internal to, along the edge of, or right on one corner 

of the strip. Naming: 

• Ael  = Element area 

• G = Shear modulus 

• η = Glue thickness 

• E = Young modulus 

• ν = Poisson ratio 

The relationships defining shear springs, sk , are very easy and they account only that the 

associated areas are different: 

(3.1) internal 2 4 el
s s edge s corner

A Gk k k
η− − −= = =  



 32 

the ratios between internal, edge and corner that are respectively 1, 0.5, and 0.25, can be better 

understood looking at figure 3.2 

 

figure 3.2:  shear stiffnesses ratios 

The formula for shear springs is related to the displacement of a cantilever beam loaded by a 

concentrated force applied to the free end, under the hypothesis of pure shear; for a square 

section, the difference between the true and the theoretic stiffness (used in our formula) is given 

by the ratio of the section edge, a, and the length of the beam, h, according with the figure 3.2. 

 

figure 3.3: error on the shear stiffness 

When we say true stiffness we actually mean the stiffness of a finite element model with a very 

fine mesh. In our case, where the height of the beam is the glue thickness that is very tiny, 

unless you have a very fine mesh of the mirrors and then a very small value of the square 

section edge “a”, the error is not negligible. 

As far as concerns tensile springs, tk , they are obviously related to the associated areas, but you 

must also account that the stress field is different depending on the position. 

For the internal springs it stands: 
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(3.2) internal
el

t
Ak E
η− =  

for the edge it is : 

(3.3) 2

(1 )
2 (1 2 )

el
t edge

A Ek ν
η ν ν−

−
=

− −  

and, finally, for the corner it is: 

(3.4) 24 (1 )
el

t corner
A Ek
η ν− =

−  

The elements we used in ANSYS® to model the springs are COMBIN14 that have both 

longitudinal and torsional capability in 1-D, 2-D, or 3-D applications. We applied three 1-D 

linear springs; the directions of the springs are given through the key-option number two and 

the values 1, 2 and 3 stand respectively for the x, y and z directions. Every kind of these 

element needs its own real constant set where you store the right value of the stiffness. 

For the rigid links, actually, we did not use any element but we issued the command CP which 

couples nodes without inserting any element between them. It belongs to the family of 

constraint equations CE. The command CP is rather flexible and allows you also to choose, 

among all those available, which degrees of freedom you want to couple. Coupling is in general 

used to model various joint and hinge effects. The command can be used also for non structural 

analyses but, in our case, beside the list of nodes it needs in input the nodal directions in which 

these nodes are to be coupled. As a result of this coupling, these nodes are forced to take the 

same displacement in the specified nodal coordinate direction

There are three components, each one of them containing the facing nodes of one couple of 

mirrors. 

. 

The procedure you must apply for every couple of facing nodes is rather cumbersome since you 

need to select the two nodes, generate two additional nodes, couple them and set three springs. 

Moreover the number of these couples can reach a huge number depending on the finish of your 

mesh. To automatically apply the connections between themselves, we wrote a macro called 

m_gluing; this macro only joins the nodes and we issue a DO cycle outside it. We start 

selecting a component of facing nodes, we previously defined, we set a new coordinate system 

in correspondence of one corner of the strip and we call the macro for the first time; at every 

step the coordinate system is moved on the following couple of nodes and the macro is called 

again; we go on until all the couples are joined. The macro needs in input: the number of the 

starting coordinate system, the name of the component, the right value of the stiffnesses to 
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apply depending on the position. The macro turns to be versatile and we can apply it on 

different corner cube designs. 

The Zerodur model, after applying these connections looks like in figure 3.4 where the gap is 

larger than how it really is, just in order to make the picture clearer. 

 

figure 3.4: Zerodur design, adhesive model with springs 

3.2 Adhesive model: sub-structuring technique 

A model based on spring connections can be considered the simplest way to join different parts 

together. It is also very effective in computer time. Nevertheless, it can give just an overview of 

the true physical phenomenon and can be really appreciated only for the very short time it needs 

to reach the solution but cannot be considered the final answer in any advanced analysis. In our 

particular case, the springs model has also the important restriction to cannot account the glue 

thermal expansion. Optical distortion is mainly ruled by thermal behavior where the glue plays 

an important role. In static analysis, where temperature has no effect, the spring model can 

certainly considered satisfying. 

This second developed model is based on an advanced feature of ANSYS® called sub-

structuring. Sub-structuring is a procedure to model the overall behavior of a set of elements 

like they were just a single element connected to the remaining part of the model. This single 

element is called a superelement. Sub-structuring reduces computer time and allows solution of 

very large problems with limited computer resources. Structures containing repeated 

geometrical patterns are typical candidates for employing sub-structuring. Another example is 

1 ELEMENTS 
CP 
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when you have an analysis that is too large for the computer in terms of wave front size, you 

can analyze the model in pieces, where each piece is a superelement small enough to fit on the 

computer. 

A sub-structure analysis involves three sequential steps (passes): 

• Generation pass 

• Use pass 

• Expansion pass 

The figure 3.5 is re-elaborated from the ANSYS® guide and it underlines that not in every 

phase you can use all the solvers usually empowered by the software. An exhaustive discussion 

about the solvers is out of the scope of this work; nevertheless, we made several tests with 

different solvers and we have enlightened in green those that we found to be better balanced in 

terms of accuracy and computing time. 

 

figure 3.5: available solvers during the three passes of sub-structuring 

3.2.1 The generation pass 

The generation pass is the actual building of the superelement. In our case, we used a very 

small size for the elements of the glue strip, since it is a minor object compared with the mirror, 

but we ensured that the divisions on the strip would be multiples of the divisions on the mirror 

so that every node on the mirror has a correspondent node on the glue that is, in turn, obviously 

defined as master. 
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figure 3.6: a particular of the glue sub-structured 

This is, in general, a key aspect of sub-structuring: you want to condense a group of regular1

As far as concerns applying loads, you can do that either after including the sub-structure inside 

the main model or in advance, that is during the generation pass. If you have any dynamic 

effect you should apply loads in advance in order to correctly account the mass distribution. If 

the analysis is a static one, it makes no difference when you apply loads. 

 

finite elements into a single superelement which will be after included in the main model; 

condensation is done by identifying a set of master degrees of freedom and through the stiffness 

matrix of the complete sub-structure, define the relationships between themselves. These master 

degrees of freedom are those of interface between the superelement and other elements. From 

the point of view of the main model the superelement becomes this way a black box, you do not 

really know what happens inside it but you know that the master degrees of freedom correctly 

account all the sub-structure. When we say “correctly”, we do not say completely the truth: the 

condensation of the stiffness matrix is always exact but, during condensation, you also transfer 

the mass of slave nodes on the master ones; the last operation is always an approximation since 

you are actually moving some mass from one place to another one. For this reason, you could 

have likely heard that Guyan condensation is correct only in static analysis while it is 

approximated in dynamics and in every other application where the mass distribution plays its 

role. 

In our substructure we identify the relative position between glue strips and the symmetry axis 

of the CCR since it is fundamental for loading. Both for the static and for the thermal analysis 

                                                 
1 With regular we mean every kind of elements basically offered by ANSYS, with well known in advance 

relationships between the nodes i.e. with a well known stiffness matrix. 
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we implemented, we have loads applied on the sub-model according with the right position of 

the symmetry axis. 

3.2.2 The use pass 

The use pass, is where you use the superelement in an analysis including it in the main model. 

The solution from the use pass consists only of the reduced

You must define in your analysis, the element MATRIX50 that is actually an empty stiffness 

matrix where you allocate, through the command SE, the reduced matrix of the sub-structure 

you got as final output of the generation pass. 

 solution for the superelement (that 

is, the degree of freedom solution only at the master DOFs) and complete solution for non super 

elements. When you have a superelement inside a main model with other non superelements, 

the stiffness matrix of this analysis contains all the degrees of freedom of non superelements, 

but only the master degrees of freedom of the superelement i.e. there is no trace in this stiffness 

matrix of the slave DOFs of the sub-structure. When we say stiffness matrix, of course, we are 

thinking to a structural analysis but you can use sub-structuring to every kind of analysis. 

Before filling MATRIX50 you must take care about interfacing the superelement with the main 

model i.e. you must be sure that the software will assemble properly MATRIX50 inside the 

global stiffness matrix. To be sure about that you must first of all consider that in general you 

built the sub-structure in a coordinate system that is different from the coordinate system of the 

main model where you want to place the superelement, it means you, in general, may need a 

rotation-translation to overlap these two coordinate system. 

After that you must pay attention to the connectivity of elements; you have three different ways 

to guarantee the right connectivity: 

• give the same number to the master node of the sub-structure and the corresponding 

node in the main model 

• define one offset number between the nodes in the main model and the nodes in the 

superelement: let us call “i” the generic node in the main structure and let “num” 

be the offset, the node on the superelement to be connected to the node “i” must be 

numbered “i + num”. You must ensure the same offset for all the connecting 

nodes 

• Couple the two sets of nodes in all degrees of freedom using the CP family of 

commands (CP, CPINTF…) 

The first two methods need you to think in advance about the numbering of nodes in the 

superelement. The third method, that is the one we used, could be tricky, since you can couple 
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degrees of freedom between two nodes only if they have coincident coordinate systems. You 

can rotate the coordinate systems issuing the command NROTAT. You can address both the 

problem of mismatching between coordinate system and the guarantee of the connectivity 

issuing the command SETRAN. We issued the command CPINTF with a tolerance of 10-6 

instead the default value of 10-4 because the glue has a thickness of 1.27 e-4 m and you would 

couple the nodes on the mirrors between each rather than with the glue if you do not change the 

tolerance.  

If, during the generation pass, you loaded the sub-structure remember to issue the SFE 

command. This command is, in general, used to load elements but, in the sub-structuring 

approach, you need it to transfer the effect of the load on the sub-structure, to the main model. 

In our case, where the mirrors are very stiff and the overall behavior is ruled by the glue, this 

loads transferred by the superelement to the main structure are much more important than the 

load applied directly on the mirrors in the use pass. 

 

figure 3.7: the sub-structure and how it fits in the main model  

3.2.3 The expansion pass 

After have computed the displacements for the master degrees of freedom i.e. after issuing the 

command SOLVE in the main model, you can go back to the sub-structure and evaluate also its 

stress and deformation fields. Computed DOFs turn to be boundary conditions for the sub-

structure. During this phase you must issue three commands: 

• EXPASS, to activate the expansion pass 

• SEEXP, to indicate the name of superelement to be expanded 

• EXPSOL, to set expansion pass options (analysis type, whether or not calculate 

elements results…et cetera) 

In figure 3.8 we can see an example of displacements field inside the three glue strips after the 

expansion pass. 
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figure 3.8: an example of displacements field inside the sub-structure 
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4. ResultsEquation Chapter 4 Section 1 

4.1 Modal Analysis 

Modal analysis is the study of the dynamic properties of vibrating structures. If the structural 

vibration is of concern in the absence of time-dependent external loads, a modal analysis is 

performed. Since the structural frequencies are not known a priori, the finite element 

equilibrium equations for this type of analysis involve the solution of homogeneous algebraic 

equations whose eigenvalues correspond to the frequencies, and the eigenvectors represent the 

vibration modes. 

You use modal analysis to determine the vibration characteristics of a structure or a machine 

component while it is being designed. It also can be a starting point for another, more detailed, 

dynamic analysis, such as a transient dynamic analysis, a harmonic response analysis, or a 

spectrum analysis. You can do modal analysis on a prestressed structure, such as a spinning 

turbine blade. Modal analysis in ANSYS® is only linear. All nonlinearities, such as plasticity, 

contact elements and so on, are ignored and it would be useless to define them since only the 

starting value of every non linear characteristic relationship would be considered. 

4.1.1 Description of the analysis 

The equation of motion for an un-damped system, expressed in matrix notation is: 

(4.1) [ ] [ ] 0M u K u+ =






  

Having denoted with [ ]M  the mass matrix, with [ ]K  the stiffness matrix and with u  the 

displacements vector and with u


  its second order time derivatives. Since oscillations, in any 

un-damped system, are harmonic, we can write the generic displacements vector in this form: 

(4.2) i tu qe ω=
   

Where q  is the amplitude vector, ω  is the natural circular frequency, t  is the time and i  is, of 

course, the imaginary unit. With this expression for u , the equation of motion becomes: 

(4.3) [ ] [ ]2 0M K qω − + = 


  

Of course, this homogeneous equation has other solutions, different from the trivial one, only if: 

(4.4) [ ] [ ]( )2det 0M Kω − + =   

that is called the characteristic equation; it provides natural frequencies from which you can 
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then compute their associated modal shapes. 

The theory about this matter, states that generic vibration in a MDOF (multiple degrees of 

freedom) system can be thought as a sum of many oscillations generated by a SDOF (single 

degree of freedom) oscillator. In other words a generic vibration can be decomposed in many 

elementary vibrations having as circular frequencies the eigenvalues of 1M K−    matrix, and 

acting along the “main directions of vibration” i.e. along the eigenvectors of 1M K−    matrix. 

The 1M K−    matrix is also called the modal matrix and its eigenvectors, in the following iϕ , 

are called modal shapes. As we said before, modal analysis is used to calculate the natural 

frequencies and modal shapes of linear elastic structures that turn to be useful to determine 

basic behaviors for other dynamic analyses. 

4.1.2 Assumptions and Restrictions 

There are four things to keep in mind when you set a modal analysis: 

• The structure must have constant stiffness and mass matrices. 

• There is no damping accounted for, unless the damped eigensolver (in ANSYS® 

scripts you must choose MODOPT,DAMP or MODOPT,QRDAMP) is selected. 

• The structure has no time varying forces, displacements, pressures, or temperatures 

applied (free vibration). 

• Only from a theoretical point of view, the calculation of eigenvalues requires the 

search for the roots of a polynomial of degree “n” that is the number of DOFs of the 

overall structure. Indeed, ANSYS® proceeds through the iterative methods of 

extraction in order to reduce the computing effort. 

4.1.3 Steps For a modal analysis in ANSYS® 

The procedure for a modal analysis in ANSYS® consists of four main steps: 

• Build the model. 

• Apply constraints and obtain the solution. 

• Expand the modes. 

• Review the results. 

As far as concerns model building, it follows the standard procedure but there are two points 

you must be aware of since they are different from other analyses like the static one: The first 

point is that you must use only linear elements since all nonlinearities, as we said clearly before, 

will be ignored. The second point is about materials where, beside the linearity, you must pay 
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attention to the material properties in particular to the dimensions you are expressing your input 

data. About the density there is a very common trick you may undergo, if you expressed in 

millimeters the lengths inside your model, you must express the density in tons per cubic 

millimeters otherwise, if you express it in kilograms per cubic meter, the circular frequencies 

extracted would be about thirty times the right values expressed in Hertz. We developed all our 

model using the International System of Units (abbreviated SI from the French le Système 

International d' unités) but it is interesting to show all the calculus about such a common 

mistake. Given that  

(4.5) K
M

ω =  

If we express all these items in SI, K is expressed in [N/m] while M is expressed in kilograms; 

since 2

1 kg m1N=
s

⋅  the circular frequency has the dimensions showed in the following equation: 

(4.6) 
[ ]

2
kg m 1

K 1s mω= = =
M kg s

⋅   ⋅        
  

 

On the other hand if you express the lengths in millimeters, but continue to express forces in 

Newton, and the mass in kilograms, then K has the dimension of [N/mm] you got: 

(4.7) 
[ ] [ ]

2 2
kg m 1 kg 1000mm 1

K 1s mm s mmω= = = 10 10
M kg kg s

⋅ ⋅       ⋅ ⋅                 = ⋅   
 

It means that you have a factor 33.33 on circular frequencies and then a factor of 33.33
2π

 on the 

right values of the frequencies expressed in Hertz. 

The problem can be avoided expressing the density in tons per cube millimeters and then the 

mass comes to be expressed in tons, like in the following equation: 

(4.8) 
[ ] [ ]

2 2
kg m 1 kg 1000mm 1

K 1s mm s mmω= = =
M t 1000 kg s

⋅ ⋅       ⋅ ⋅                 =   
 

Speaking about the constraints, the only ones valid in a typical modal analysis are zero-value 

displacement constraints; if you input a nonzero displacement constraint, the program assigns a 

zero-value constraint to that DOF instead. For directions in which no constraints are specified, 
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the program calculates rigid-body motions associated with eigenvalues equal to zero. During 

solution phase you have to choose several options. The first one is to issue the command 

MODOPT to choose the iterative method you want to use for extracting the modes and also how 

many of them; instead of the number of extracting modes, if you have a frequency range of 

interest, you can specify it and ANSYS® would find all the frequencies belonging to it. With the 

same command, you must also specify the “mode shape normalization key”, Nrmkey: as we 

said before, mode shapes iϕ  are the eigenvectors of matrix 1M K−   , you can have then 

multiplied, in theory, for a generic factors; ANSYS® offers you the only two meaningful 

choices that are the normalization to the mass matrix [ ]T 1i iMϕ ϕ =
  , which is the default, 

Nrmkey = OFF, and the normalization to unity such that T 1i iϕ ϕ =
  , Nrmkey = ON. 

The third step of a modal analysis, is the mode expansion. This procedure allows you to write 

modes on the result file. You can specify which modes you want to expand by simply giving 

their numbers or the frequency range with the command MXPAND. The expansion procedure 

can be combined with that of extraction. Use two separate procedures enables the analysis of 

frequencies before deciding whether and what modes to expand. Pay attention that “stresses” 

found after the expansion procedure, do not represent actual stresses in the structure, but give 

you an idea of the relative stress distributions for each mode. Default is no stress calculated it 

means that if you do not expand a generic mode you cannot know the stress field associated 

with itself. 

The last step is, of course, reviewing the results. The results are contained in the file 

jobname.RTD, and can be analyzed entering the General Postprocessor menu or issuing the 

command /POST1. Each mode is stored in a different sub-step. The number of sub-step, i.e. in 

this case of modal analysis, the number of the mode you are interested at, must be specified in 

the second field of the command SET. The expanded list of all modes computed is 

accomplished with the command SET, LIST. If you expand four modes, for instance, your 

results file will have one load step consisting of four substeps. Results consist of: natural 

frequencies, mode shapes, relative stress and force distributions (if requested through the 

expansion) and modes participation factor and effective mass.  

Take care that you do not have in output the natural circular frequencies ω , but the natural 

frequencies f


 expressed in Hertz, and of course it stands the following relationship: 

 1
2

f ω
π

=
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Last but not least, you may list the participation factor table. A resonance problem would 

certainly occur if you sinusoidally apply to the structure a deformation like the generic mode 

shape iϕ  at its corresponding frequency 
2

i
if

ω
π

= . In general, you would unlikely have a set of 

applied loads that deform this way your structure. More likely, you would be interested to how 

your structure behaves when you apply, to the whole structure, a sinusoidal displacement along 

a given direction or a sinusoidal rotation along a given axis. 

A participation factor gives you the idea of how much a generic mode shape is excited by such 

applied translational or rotational field. Considering a generic mode shape iϕ , its participation 

factor { },D iγ  according to an excitation displacement field D


 is given by: 

(4.9) { } [ ],
T
iD i M Dγ ϕ=



  

if the excitation displacement field D


 is equal to the mode shape iϕ , the participation factor 

equals 1, in the default case when mode shapes are normalized to the mass matrix [ ]M .  

The excitation displacement field D


 is a column vector of “n” elements where “n” is the 

number of degrees of freedom in the structure. 

If you want to study the behavior of your structure to an excitation displacement field D


 that is 

not generic but is a rigid movement of the whole structure you must proceed like in the 

following. 

Under the hypothesis that the generic node k of the model has six degrees of freedom you can 

consider, associated to itself, the following matrix: 

(4.10) [ ]

( ) ( )
( ) ( )

( ) ( )

0 0

0 0

0 0

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

k k

k k

k k
k

z z y y
z z x x

y y x x
T

 − − − 
 − − − 
 − − −

=  
 
 
 
  

 

Where kx , ky  and kz are the coordinates of the node k and 0x , 0y  and 0z  are the coordinate of 

the centre of rotation. Now, the excitation displacement field D


 is completely defined, per 

every node, by a six components column unit vector e  such that the six components of D


 

associated with the generic node k are given by the following expression for kD


: 
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(4.11) [ ]k k
D T e=




 

The whole excitation displacement field for all the n degrees of freedom is given by: 

(4.12) 

1

1

k

k

k

D
DD

D

−

+

 
 
 
 =
 
 
  












 

You can in this case change the notation of the participation factor from { },D iγ  to { },e iγ , right 

in order to underline that we are now speaking about rigid motion and not generic displacement 

fields. 

In ANSYS® you can easily extract, for every computed mode shape, the participation factors 

about the translations along the global Cartesian axes, and about the rotations around the same 

axes. Following what we have explained before the participation factor along x is given by a 

field D


 where every sub-vector kD


 is equal to the first column of matrix [ ] kT , i.e. the column 

vector e  has the first component equals to 1 and all the other components equal to zero. Again, 

the participation factor for a rotation around x axis, is computed having every sub-vector kD


 

equal to the fourth column of matrix [ ] kT  (but 0x , 0y  and 0z  are now all zeros), i.e. the 

column vector e  has the fourth component equals to 1 and all the other components equal to 

zero 

You can this way also define the effective modal mass for the ith mode, which is a function of 

the excitation vector e . The following formula, again, stands in the case that mode shapes are 

normalized to the mass matrix [ ]M : 

(4.13) { } { }
2

, ,e i e im γ=  

The effective modal mass provides a method for judging the importance of a mode shape. 

Modes with relatively high effective masses can be readily excited by base excitation i.e. an 

excitation of the support which involves a rigid motion of the whole structure. 

Consider a modal transient or frequency response function analysis via the finite element 

method and consider also that the system has a lot of degrees of freedom and then a lot of 
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modes. For brevity, only a limited number of modes should be included in the analysis: how 

many modes should be included? It is enough the number of modes such that the sum 

{ },e i
i

m∑  gives you more than 90% of the actual mass. 

4.1.4 Modal analysis results 

In a modal analysis you cannot study different parts connected together, but you need to close 

off single pieces and study them. It means that, in the case of an hollow CCR you have, per 

every design, two modal analysis to do: the first one is for the mirror constrained to the mount 

and the second one is indifferently for one of the other mirrors that are not constrained. The 

eigenfrequencies start from very high values and here we will speak only about non constrained 

mirrors which have frequencies lower then the constraint one.  

We are not interested to what is called a free-free analysis i.e. a modal analysis of an 

unconstrained object, which gives you six zero frequencies, one for every rigid body motion 

allowed; if you after a free-free analysis got more than six null frequencies, it means that your 

model wrongly allows internal mechanisms of motion. When we say zero, we actually mean 

values that are much lower than the others. 

We are rather interested to future spectrum analysis; for this reason we constrained these 

unconstrained mirrors along the areas where lye the glue strips. The constraining areas for the 

three different CCR designs, are highlighted in red in figure 4.1 

 

figure 4.1: Constraining areas in different CCR designs 

The results of modal analysis consist, as we said before, mainly by the eigenfrequencies. The 

ETR design, which may appear at a first sight more bulky than the others, is actually the softer 

one considered that masses are comparable in the three designs. The Beryllium design is, by far, 

the stiffer one. In the following table 4.1 we show the values of the first 30 eigenfrequencies for 

all the three designs. 
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Mode Zerodur Beryllium ETR 

  FREQ.[Hz] FREQ.[Hz] FREQ.[Hz] 

1 12671.1 19447.6 11628.3 

2 35018.4 49799.2 31206.2 

3 41158.7 71085.7 40423.6 

4 51660.3 76895.8 45588.2 

5 58169.1 105421 56867.2 

6 71624 112981 60424.4 

7 75393.6 131599 71416.9 

8 88200.5 138419 73745.5 

9 91253.5 159265 85173.6 

10 110283 178458 93151.8 

11 111851 180385 100163 

12 114350 220829 104266 

13 119894 223662 111711 

14 127345 230400 116674 

15 134279 231761 123810 

16 137532 236755 128033 

17 144860 242357 132311 

18 146521 248665 132837 

19 148916 255484 140652 

20 151753 267581 143240 

21 154108 289867 145921 

22 161592 292509 149246 

23 165387 294209 151000 

24 173946 316805 159752 

25 180316 319275 164301 

26 182546 321620 167154 

27 187768 327867 170132 

28 192571 330061 174061 

29 194309 356429 176862 

30 199003 358718 178346 

table 4.1: the first 30 eigenfrequencies for all the three designs 
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MODE FREQ. [Hz] TX [kg]  TY [kg] TZ [kg] ROTX [kg m2] ROTY [kg m2] ROTZ [kg m2] 

1 12671.1 2.61E-03 6.24E-08 3.23E-03 1.72E-11 3.28E-06 1.56E-11 

2 35018.4 2.92E-05 3.61E-03 2.45E-04 1.73E-06 7.39E-09 4.59E-07 

3 41158.7 1.41E-04 3.07E-05 4.72E-03 2.47E-08 2.03E-07 1.41E-10 

4 51660.3 2.33E-04 3.14E-03 1.85E-05 5.44E-07 7.56E-09 1.39E-06 

5 58169.1 4.19E-03 2.14E-04 1.66E-03 4.46E-08 5.27E-08 8.50E-08 

6 71624 2.05E-05 3.05E-03 3.87E-06 4.84E-12 5.83E-10 1.07E-07 

7 75393.6 1.21E-03 1.61E-04 2.03E-06 1.16E-09 1.39E-08 1.30E-08 

8 88200.5 6.47E-05 5.17E-06 1.28E-06 1.37E-08 5.06E-09 8.88E-08 

9 91253.5 6.98E-04 3.61E-06 5.05E-05 1.98E-09 8.67E-08 1.78E-09 

10 110283 1.32E-05 8.14E-05 2.29E-06 4.24E-09 6.63E-10 1.60E-08 

11 111851 1.52E-04 9.07E-08 2.35E-04 4.78E-12 1.33E-08 1.38E-09 

12 114350 3.74E-06 1.12E-04 8.99E-06 2.75E-08 3.47E-10 5.08E-09 

13 119894 3.90E-04 4.59E-06 7.96E-06 2.09E-10 6.67E-12 1.41E-09 

14 127345 1.98E-06 1.60E-04 2.07E-06 5.79E-09 2.35E-10 1.23E-07 

15 134279 7.88E-05 1.09E-07 1.40E-04 5.57E-10 3.49E-08 1.95E-08 

table 4.2: Zerodur design: effective masses 

 

figure 4.2: Zerodur model; displacements associated with the first three critical 
frequencies for vibration along x axis (look at the Tx column in table 4.2)  
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MODE FREQ. [Hz] TX [kg]  TY [kg] TZ [kg] ROTX [kg m2] ROTY [kg m2] ROTZ [kg m2] 

1 19447.6 3.21E-03 2.92E-07 3.15E-03 8.11E-11 4.86E-06 1.62E-10 

2 49799.2 5.43E-06 2.87E-03 4.21E-05 2.21E-06 1.69E-09 3.56E-07 

3 71085.7 9.59E-05 2.07E-04 4.68E-03 5.52E-08 2.54E-07 1.41E-07 

4 76895.8 1.94E-05 4.03E-03 1.97E-04 1.24E-06 2.35E-08 2.13E-06 

5 105421 4.48E-03 5.10E-05 2.08E-03 1.62E-08 6.11E-08 1.88E-08 

6 112981 4.77E-04 1.78E-07 4.25E-05 1.95E-09 1.40E-11 1.43E-09 

7 131599 7.34E-08 2.15E-03 2.15E-07 2.59E-10 9.09E-12 2.85E-07 

8 138419 9.59E-07 8.93E-04 8.54E-09 9.55E-10 4.43E-12 2.30E-08 

9 159265 1.19E-03 6.92E-08 8.18E-05 1.45E-11 9.41E-08 1.17E-11 

10 178458 2.30E-05 2.13E-06 3.00E-06 1.55E-10 1.76E-08 1.59E-10 

11 180385 1.93E-07 2.25E-06 1.14E-07 1.11E-08 8.21E-13 2.68E-08 

12 220829 2.03E-06 1.23E-05 9.66E-05 1.10E-13 6.01E-09 4.22E-09 

13 223662 3.73E-06 2.27E-06 1.48E-05 1.68E-08 8.96E-10 1.52E-08 

14 230400 1.79E-04 1.05E-04 3.48E-07 1.23E-09 7.34E-11 1.30E-08 

15 231761 5.95E-05 3.61E-04 2.78E-06 1.71E-08 1.54E-10 5.49E-08 

table 4.3: Beryllium design: effective masses 

 
figure 4.3: Beryllium model; displacements associated with the first three critical frequencies for vibration 

along x axis (look at the Tx column in table 4.3) 
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MODE FREQ. [Hz] TX [kg]  TY [kg] TZ [kg] ROTX [kg m2] ROTY [kg m2] ROTZ [kg m2] 

1 11628.3 3.05E-03 1.71E-05 1.89E-03 1.25E-08 3.24E-06 1.20E-09 

2 31206.2 8.96E-07 2.90E-04 2.02E-04 4.27E-07 7.48E-09 1.83E-08 

3 40423.6 4.59E-04 1.38E-03 1.81E-03 4.12E-07 3.95E-07 4.92E-07 

4 45588.2 8.62E-04 4.42E-03 6.96E-06 1.59E-06 1.03E-07 1.31E-06 

5 56867.2 2.80E-03 3.05E-04 4.52E-03 6.62E-08 2.19E-08 7.79E-08 

6 60424.4 3.55E-06 1.52E-04 7.56E-06 1.23E-08 5.36E-08 2.43E-08 

7 71416.9 3.61E-11 1.38E-03 1.66E-07 1.21E-08 1.85E-10 7.23E-09 

8 73745.5 9.20E-05 1.43E-06 3.31E-05 2.80E-08 1.54E-10 1.03E-07 

9 85173.6 6.36E-04 1.61E-05 2.18E-04 8.63E-11 9.56E-08 9.24E-09 

10 93151.8 2.50E-05 1.23E-05 3.20E-05 3.02E-10 1.04E-08 5.03E-12 

11 100163 1.38E-04 8.36E-06 1.64E-04 3.31E-09 1.94E-10 4.07E-09 

12 104266 1.06E-04 3.87E-05 3.62E-04 5.01E-08 3.14E-08 2.13E-08 

13 111711 1.15E-04 7.69E-04 1.53E-05 1.49E-07 2.03E-08 1.26E-07 

14 116674 1.29E-04 6.92E-04 1.85E-04 2.41E-09 4.90E-12 2.65E-08 

15 123810 1.82E-04 2.51E-05 1.40E-05 2.10E-09 1.70E-08 3.73E-08 

table 4.4: ETR design: effective masses 

 

figure 4.4: ETR model; displacements associated with the first three critical 
frequencies for vibration along x axis (look at the Tx column in table 4.4) 
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In table 4.2, table 4.3 and table 4.4 we show the effective masses for Zerodur, Beryllium and 

ETR designs respectively. The first three values are highlighted in red, yellow and green 

respectively. In figure 4.2, figure 4.3 and figure 4.4, only for the vibration along the x axis, we 

show the corresponding displacement fields for the three most critical mode shapes with the 

same convention about the colors. 

4.2 Steady state analysis 

The launch and ascent environments vary depending on the particular launch vehicle used. 

Load events may include engine ignition, launch pad release, liftoff, maximum dynamic 

pressure, transonic buffet, maximum acceleration, separations, engine shutdowns and thrust 

oscillations. The height of GPS constellation is 22200 Km, A launch vehicle suitable for next 

flights is the Boeing’ s rocket DELTA IV1 figure 4.5 ( ). Many of the pictures shown in the 

following, belong to the rocket official documentation available also on the net. 

 

figure 4.5: overview of the DELTA IV assembly 

In this chapter we will show the answers of ours model to the overloads expected by the rocket 

designers. In spacecraft designs, it is widely used to reduce dynamic loads to static loads 

accounting for a large safety factor. It is just a first step but it is a concise interpretation of 

complex dynamic issues. The overload depends on the overall mass of the payload; the values 

spread over the range 0 to 10000 Kg. The figure 4.6 represents steady-state axial accelerations 

                                                 
1 Official website: http://www.boeing.com/defense-space/space/delta/delta4/delta4.htm 
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during the first-stage burn versus payload weight; this is the regime you must account for 

during all the time the first stage engine is in effective combustion conditions. 

 

figure 4.6: steady-state axial accelerations during first-stage burn versus payload 
weight 

When we say axial acceleration we refer to the figure 4.7 for the convention about axis 

directions. The rocket axis is named xLV, where the suffix certainly stands for Launch Vehicle. 

In all our analysis we supposed that the axis of the CCR was parallel to xLV. We have actually 

no idea on how the payload will be placed but, having developed all the analyses through 

scripts, it will be very easy the set-up of new computations based on more reliable information.  

 

figure 4.7: DELTA IV axes positive direction convention 
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figure 4.8: Zerodur Model; displacements and equivalent tensile stress; comparison 
between the glue model with springs and the sub-structure model 
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figure 4.9: Beryllium Model; displacements and equivalent tensile stress; comparison 
between the glue model with springs and the sub-structure model 
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figure 4.10: ETR Model; displacements and equivalent tensile stress; comparison 
between the glue model with springs and the sub-structure model 

 

 

 



 56 

All the results here presented refer to an axial acceleration of 6 g. In figure 4.8, figure 4.9 and 

figure 4.10 we can see the results relative to the Zerodur, Beryllium, and ETR designs, 

respectively. As we expected in advance, the glue modeled with springs, turns to be stiffer than 

the sub-structure model. It gives very bad results only in the case of the ETR design; in this 

case the glue strip is wide like the mirror thickness and the approximation inherent to the glue 

model, rule the overall displacement field inside the mirrors; on the other hand, in both the 

other two designs this approximation fades its effect inside a little chunk of the mirror closer to 

the strip. 

Moreover, in figure 4.11 we show what we got from the expansion of results inside the 

superelement; we present only the von Mises equivalent stress since, in this case of loading 

during the launch phase, we are not interested to the displacement field inside the glue strips. 

 

figure 4.11:  summary of the equivalent tensile stress inside the adhesive for every 
design 
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4.3 Thermal distortion analysis 

The results we are going to show in this section must be considered the most important since 

they are directly connected with the optical behavior of the CCR. 

The first step has been to recognize which kind of tests would be more interesting to shortly 

find out available thermal conditions. Following the GSFC study that gave the start to our one, 

we loaded the reflectors with two different kinds of applied temperature field: a thermal 

gradient along the symmetry axis and a bulk temperature homogeneous increase. We also 

combined the studies adding a gradient over a bulk increase. 

Every object sent in space, experiences two different electro magnetic radiation fields. It may 

be considered inside an all surrounding cold environment at 2.73 Kelvin degrees but loaded by 

an hot source, the Sun, which outside the atmosphere supplies 1367 W/m2; this value is defined 

by the AM0 standard, where the acronym stands for Air Mass zero i.e. without atmosphere; the 

same standard compare the actual Sun spectrum with an ideal black body radiation at the 

temperature of 5777 K; this is considered the superficial temperature of the Sun. The mean 

temperature of the object is, for this reason, given by the ratio between the solar absorptivity 

and the infra red emissivity of its external surface. Under these two strong opposite loads, the 

mean temperature of many different objects is usually around 300 K: this is actually the guess 

value for the reference temperature we gave to all our models. Reference temperature is that 

one where you do not have any thermal stress. 

We carried on the analyses under three different applied thermal fields: 

• one Kelvin degree gradient along the symmetry axis 

• 380 bulk, homogeneous, temperature 

• the combination of the previous two fields 

The thermal gradients are applied through a DO cycle which assigns a temperature to every 

node according with its “z” coordinate. The tip of the CCR, that is also the origin of the 

coordinate system, is warmer than all the other points and the temperature changes linearly 

while you move along the “z” axis which is, we say it again, the symmetry axis. In ANSYS® 

we issued the following instructions: 

*get,ntot,node, ,count  

*get,maxz,node, ,mxloc,z 

*DO,I,1,ntot  
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*get,znode,node,I,loc,z 

t=301-znode/maxz*1  

bf,I,temp,t  

*ENDDO  

At first we store the total number of nodes in the variable named ntot; then, in the variable 

called maxz, we store the z coordinate of the furthest nodes (it is the same coordinate for three 

of them). For every node, its z coordinate is stored in znode: this variable is overwritten from 

one step to another. We finally assign a temperature to the node: starting from the origin that is 

at 301 K we linearly reach temperature 300 K for the three furthest nodes in the cases of 

Zerodur and Beryllium design, like it is shown in figure 4.12. For the ETR design, all the nodes 

belonging to the chamfer area would be at 300 K. 

 

figure 4.12: applied, gradient ∆T = 301÷300 temperature fields 
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4.4 Optical integrity analysis 

After the solution of the thermal distortion analysis, we extract from ANSYS® the starting 

positions and the displacements for all the nodes belonging to the mirrors. These data will be 

post-processed through MATLAB® in order to find out if the thermal distortion would warp the 

mirrors beyond the limit that can be considered acceptable. 

There are two different checks to perform: 

• Peak to Valley (P-V) flatness. 

• Cube Dihedral Angle deformations (∆CDA). 

The first one refers to the difference, in terms of normal distance from the mirror surface, 

between the highest and lowest point: it must not exceed 0.025 µm that is about the twentieth 

part of the green laser wavelength, 0.532 µm. 

As far as concerns cube dihedral angles, they must be kept within ∆CDA = ±0.5” of tolerance. 

We compute the variation of the cube dihedral angle (ΔCDA) = αwarp – 90°, where αwarp is the 

angle between the warped mirrors.  

In order to evaluate the aforementioned optical criteria, we started deriving, for every mirror in 

not deformed configuration, its mathematical expression in the form ax + by + cz + d = 0: 

Plane 1 -0.8165x + 4.0708e-016y + 0.5774z + 0 = 0 

Plane 2 0.4082x  - 0.7071y + 0.5774z – 1.2690e-04 = 0 

Plane 3 0.4082x + 0.7071y + 0.5774z + 7.3056e-20 = 0 

table 4.5: equations of not deformed mirrors 

In order to do that, we choose three points (the origin, O, and 2 corners, namely P2 and P3, of 

the mirror) and we get the normal vector by the cross-product between these two vectors ( 3OP


 

and 2OP


). We want all the normal vectors pointing inward the CCR and we took care to issue 

the following instructions: 

if normal_1(3)<0 

normal_1 = - normal_1; 
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end 

that reverse the normal vector if it points outside the CCR. 

Both checking P-V and ∆CDA, need a surface fit of the cloud of points, which all moved as a 

consequence of thermal load, from the starting mirror plane. We tried to fit this points 

distribution with another plane, which obviously comes to be different from the not deformed 

one. This is the easiest choice; in the future we will try to fit the cloud with a second order 

surface with a smoother shape and a saddle point in the origin of the coordinate system. 

The only assumption for the planar fitting is that the z-component of the data is functionally 

dependent on the x- and y-components i.e. you would never apply the following formulas if the 

fitting planes would be orthogonal to the x-y plane. 

Basically: given a set of points m
i i i i=1{(x , y , z )} , you determine A, B, and C so that the plane z = 

Ax + By + C best fits the samples: we want that, the sum of the squared errors between the zi, 

that are the samples third components, and the values i iAx +By +C , that are, in turn, the third 

components of points belonging to the fitting plane, is minimized. Note that the error is 

measured along the z-direction and not in the direction orthogonal to the plane. Then, if you 

define this way the error function: 

(4.14) ∑
m

2
i i i

i=1
E(A,B,C)= [(Ax +By +C)-z ]  

you obviously know that this function is nonnegative and its graph is a Hyperparaboloid whose 

only minimum occurs when the gradient satisfies ∇E=(0,0,0) . This leads to a system of three 

linear equations in A, B, and C which can be easily solved. Precisely: 

(4.15) ( )
=

= ∇ = + + −∑
1

0,0,0 2 [( ) ]( , ,1)
m

i i i i i
i

E Ax By C z x y  

And then, in matrix form: 

(4.16) 

    
    
    
    
    
    
    
    
       

∑ ∑ ∑ ∑
∑ ∑ ∑ ∑
∑ ∑ ∑ ∑

m m m m2
i i i i i ii=1 i=1 i=1 i=1

m m m m2
i i i i i ii=1 i=1 i=1 i=1

m m m m
i i ii=1 i=1 i=1 i=1

x x y x x zA
x y y y B = y z

Cx y 1 z
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The solution provides the least squares solution z = Ax + By + C. At this point, you can easily 

change this equation of the plane in the form ax+by+cz+d = 0. Of course it stands: 

 ( ) ( ) ( )z  a / c x  b / c y  d / c= − + − + −  

and then, solving the following system, 

(4.17) 2 2 2 2
2 2

2 2 2

11
( 1)

1

aA
c
bB

A c B c c cc
A BdC

c
a b c

 = −

 = − ⇒ + + = → = ± + +

= −

 + + =

 

you reach the desired expression; we choose the “+” sign in order to obtain the normal vector 

pointing inward the CCR. In figure 4.13 we show a MATLAB® plot of the three fitting planes. 

 

figure 4.13: MATLAB® plot of the fitting planes, distances in meters 

Now that we have the fitting planes and their normal vectors, we can compute for every node 

“i” the distance id  from its fitting plane that is of course given by the dot product with the 

plane normal vector: 
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(4.18) ( )
i

i x y z i

i

x
d n n n y

z

 
 

=  
 
 

 

and organize all these distances, for every mirror, in a vector d


. The peak to valley flatness is 

the difference between the maximum and the minimum distances: 

 ( ) ( )P-V max mind d= −
 

 

While the angle between the fitted planes, let us consider only number 1 and 2, is given by 

(4.19) ( ),1 2 1 2a coswarp n nα − = ⋅
   

The summary about the three applied temperature fields is given, for the Zerodur design, that is 

at the moment the best candidate to fly, in table 4.6. 

  P-Vmax =0.025µm ≈ 0.047*λgreen ∆ CDAmax = ± 0.5” 

∆T = 300 ÷ 301 K 

Peak to Valley (P-V) (m) / λgreen  (m) ΔCube Dihedral Angle [”] 

Plane 1 0.0387 Planes 1-2 0.3073 

Plane 2 0.0357 Planes 1-3 0.3053 

Plane 3 0.0402 Planes 2-3 0.2962 

TBulk = 380 K 

Peak to Valley (P-V) (m) / λgreen  (m) ΔCube Dihedral Angle [”] 

Plane 1 4.2 Planes 1-2 10.8693 

Plane 2 3.7417 Planes 1-3 8.889 

Plane 3 4.1596 Planes 2-3 11.4006 

∆T = 380 ÷ 381 K 

Peak to Valley (P-V) (m) / λgreen  (m) ΔCube Dihedral Angle [”] 

Plane 1 4.2242 Planes 1-2 11.1766 

Plane 2 3.7668 Planes 1-3 9.1942 

Plane 3 4.1864 Planes 2-3 11.6967 

table 4.6: optical integrity summary table for the Zerodur design 

The Goddard researchers recognized in the glue coefficient of thermal expansion (CTE), the 

main reason of malfunctioning under thermal loads. It is underlined in their study that the CTE 

of glue (87 e-6 K-1) is too much compared with the same parameter for Zerodur (0.05 e-6 K-1). 

This mismatch causes high tensions at the interface which, in turn, deform the mirrors. They 
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asked for this reason to the manufacturer, the PLX Inc1

table 4.7

., to make the same object in Pyrex, 

instead of in Zerodur. Pyrex has a CTE of 3.25 e-6 K-1 which is much closer to the glue CTE 

but, unfortunately, it has a Young’ s module lower than the other: it is 62.75 GPa instead of 91 

GPa. We show in  the summary for the optical integrity, concerning the cube corner in 

Pyrex. The comparison with table 4.6 clearly shows that things got worse. Moreover, the 

mismatch is certainly a problem but, if your mirror has a higher CTE, it is more deformed by 

the thermal load: even if you have reduced the mechanical action of the glue, you have 

increased the effect of the thermal load. 

  P-Vmax =0.025µm ≈ 0.047*λgreen ∆ CDAmax = ± 0.5” 

∆T = 300 ÷ 301 K 

Peak  to Valley (PV) (m) / λgreen  (m) ΔCube Dihedral  Angle [”] 

Plane 1 0,0830 Planes 1-2 0,7167 

Plane 2 0,0346 Planes 1-3 0,6934 

Plane 3 0,0315 Planes 2-3 0,5796 

TBulk = 380 K 

Peak  to Valley (PV) (m) / λgreen  (m) ΔCube Dihedral  Angle [”] 

Plane 1 8,3601 Planes 1-2 19,5448 

Plane 2 4,6963 Planes 1-3 15,5104 

Plane 3 4,2956 Planes 2-3 18,3094 

∆T = 380 ÷ 381 K 

Peak  to Valley (PV) (m) / λgreen  (m) ΔCube Dihedral  Angle [”] 

Plane 1 8,4236 Planes 1-2 20,2612 

Plane 2 4,7159 Planes 1-3 16,2036 

Plane 3 4,3034 Planes 2-3 18,8890 

table 4.7: optical integrity summary table for the Pyrex CCR. 

                                                 
1 Official website: http://www.plxinc.com/home.php 
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Conclusions and future work 

The work we developed is certainly a good frame for future studies. It comes to be completely 

original inside the experience of the Frascati group. During long time they have, in fact, 

developed many mathematical models, and simulations based on experimental data but almost 

everything about their work has been focused on classical cube corner retro-reflectors; up to 

now, very few tests and simulations about new generation hollow CCR has been conducted. 

This simulations were only on the thermal behavior and no structural issue has been considered. 

This approach is definitely adequate for solid CCR but cannot be enough for hollow CCRs: 

here optical, thermal and structural problems are fully correlated. This is what we actually mean 

saying that the work is original. 

This new designs of hollow cube corner retro-reflectors showed to have several problems and 

they will hardly be ready for next GNSS programs. Nevertheless, given the expanse involved 

by sending heavy objects in space, it is certainly attractive to make work these lighter CCRs. 

The lesson we learned is that the glue plays the key role in the assembly; unfortunately the 

manufacturer does not want to make known information about used materials and assembling 

techniques. There are two features that must be carefully considered in the glue: the coefficient 

of thermal expansion (CTE) and the Young’ module; both of them should be as lower as 

possible in order to reduce the tensions on the interface between the glue strip and the mirror. 

These interface tensions deform the mirrors and worsen the optical behavior of the CCR. As far 

as concerns only the mirrors, the CTE is the most important parameter and our results are in 

agreement with the study of GSFC, saying that the Zerodur model performs the best. 

From next month in Frascati, an hollow CCR will be subject to optical tests in a realistic space 

environment. The scripts we wrote during our work will be used for reverse engineering in 

order to find out all the data we cannot trust in. 

Future mathematical work will certainly be the fitting of nodes after thermal distortion, using a 

second order surface, instead of a simple plane. This surface fitting could be profitably implied 

inside the optical simulation software used in Frascati, in order to make easier the comparison 

between measured and simulated far field diffraction patterns. 
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